Abstract. We investigate new features, especially of entanglement dynamics, which arise in a quantum-classical hybrid. As a model, we study the coupling between two quantum mechanical two-level systems, i.e. two q-bits, and a classical harmonic oscillator. Their interaction is described by a hybrid coupling, in accordance with a recently developed quantum-classical hybrid theory. We discuss various situations in which entanglement of the q-bits does (not) evolve. Furthermore, we point out an experimental application in a hybrid cooling scheme and indicate topics for future study.
Introduction
Microscopic and macroscopic objects are commonly described by means of two different kinds of theories: the former through quantum mechanics and the latter by classical mechanics. Despite its successes, this "brutal" division confines these two different kinds of objects in two noncommunicating "worlds", the boundaries of which are still not clearly delineated. In fact, it has been unknown since the inception of quantum theory whether a borderline between the classical and quantum worlds exists or not. In order to unify quantum and classical descriptions, we make use of a recent generalization of these theories called quantum-classical hybrid theory [1, 2, 3, 4] . This approach builds a bridge between classical and quantum mechanics, proposing a consistent mathematical framework for the description of a quantum-classical mixed reality and a tool for future applications, e.g., in measurement or quantum information protocols that incorporate classical control of or read-out from a quantum object [5] . Hybrid theory and its applications will be relevant here, since laboratory quantum devices, at some stage, incorporate a quantum-classical interface.
Presently, we study one of the most peculiar properties of multipartite quantum states, their entanglement, in situations involving quantum-classical hybrid systems.
A state is entangled, if and only if it is not separable into states that describe independent subsystems of a composite. A composite system is disentangled or separable, in turn, if and only if its state can be factorized. The main question that motivated this work is: What kind of new features arise in this context in the presence of a quantum-classical hybrid coupling? In order to answer this, we consider a model that describes the coupling between two quantum-mechanical two-level (spin) systems, i.e. two q-bits, and a classical harmonic oscillator.
We base our analysis on the quantum-classical hybrid approach developed in Refs. [1, 6, 7] , which satisfies a large list of consistency requirements discussed in the recent literature, as summarized in Ref. [8] .
The model of a harmonic oscillator coupled to two q-bits, when treated fully quantum mechanically, exhibits a great richness of entanglement dynamics, see, for example, Refs. [9, 10, 11, 12, 13] . Presently, we consider the case that the oscillator part of this composite system is strictly classical and, therefore, its coupling to the q-bits must be of hybrid nature.
The Hamiltonian of this system consists of a classical, a quantum mechanical, and a hybrid part, respectively (choosing units such thath = 1):
where the two-q-bit ("A" and "B") operators areŜ x ≡ (σ A x +σ B x )/2 andŜ z ≡ (σ A z +σ B z )/2, and where we introduced Ω ≡ ω √ mω; β is a dimensionless constant determining the coupling strength, which can be expressed in terms of microscopic physical parameters depending on the physical realization of the model (cf. Section 2). We recall that, with appropriate substitutions, the contribution H cl , i.e. the classical Hamiltonian, can describe a single mode of a classical electric field.
Following hybrid theory [1] , we proceed to construct the full hybrid Hamiltonian function from the above contributions. In particular, introducing the oscillator expansion of a generic state |ψ in the eigenbasis ofŜ x [6, 14] :
where the |φ α denote, respectively, the states
, withσ x |± = ±|± . The "coordinates" and "momenta" introduced here have to satisfy a constraint, which stems from the wave function normalization, ψ(t)|ψ(t) = 1, i.e.:
Based on this expansion, contributions to the full Hamiltonian function from eqs. (2)-(3) become:
introducing matrix notation through (α, β = 1, . . . , 4):
Having a Hamiltonian function in hand, given by H Σ = H cl + H qm + I hyb , the equations of motion are obtained through the Poisson brackets with respect to all canonical coordinates and momenta (X α , P α , x, p), as usual [1, 14] :
see also Section 3 for explicit applications of the Poisson brackets.
In the following, we will employ the convenient substitution z α := X α + ıP α , α = 1, . . . , 4 , which replaces eq. (10) by:ṗ
for example, while eq. (9) is unaffected. Furthermore, by suitable linear combinations of the equations for the quantum sector (variables X α , P α ), eqs. (11)-(12), the above substitution yields the coupled evolution equations:
Thus, we find that z 4 is presents a constant of motion. We remark that the formal solution for the classical sector (variables x, p) can be obtained by the method of Green's function. However, since the full dynamics of our model is not amenable to straightforward analytical techniques, we resort to numerical solutions of the coupled equations of motion (9)-(12).
Dynamics of the hybrid model
We have solved the equations of motion numerically with the help of programs provided in Wolfram Mathematica 8.0. In the following subsection, we present solutions of the full dynamics of the system, which is the quantum-classical hybrid analogue of a generalization of the Rabi model called the Tavis-Cummings model [15, 16] ; cf. Refs. [11, 12, 13] for the all-quantum results.
We have chosen a parameter regime in which the oscillator frequency ω is much larger than the characteristic frequency of the q-bit system ω 0 which, in turn, is of the same order of magnitude as the effective coupling λ = βω. The reason for this choice is that recent experiments have shown clear spectroscopic evidence that a Cooper-pair box, or Josephson charge q-bit, coupled to a superconducting transmission line behaves analogously to an atom in a cavity (as in the Tavis-Cummings model). In these cases, the dipole coupling between the two-level systems is β ≈ 10 −3 [17] .
Capacitive or inductive couplings offer the possibility of still larger coupling strengths than those possible with dipole coupling, even at large detuning between the fundamental frequencies of the oscillator and q-bit system. Some results from a flux-based, inductively coupled system give preliminary evidence for coupled quantum behaviour and entanglement between the twolevel system and the oscillator [18] .
In Figures 1, 2 , we present various examples of the numerical solutions obtained for the variables z α , α = 1, . . . , 4 , which characterize the quantum sector of the hybrid model; we recall that z 4 remains constant in time and, therefore, is not represented here. Various combinations of initial q-bit states and model parameters are shown, with full (dashed) lines showing the real (imaginary) parts of the z α . The classical oscillator initial conditions always have been x 0 = 0, p 0 = 1 ; since explicit behaviour of the oscillator is not relevant for the following, we skip it here. However, various aspects of the oscillator evolution will be discussed in Sections 4 and 5.
Also shown in these figures is the concurrence, which will be related to a measure of entanglement of the two q-bits next. -We considered a large set of initial conditions and always have found similarly complex behaviour of the numerical solutions, no matter whether the initial q-bit states are entangled or not.
Entanglement
For the following, we have constructed the density matrix of the pure state q-bit subsystem aŝ ρ ≡ |ψ ψ|, with |ψ obtained by employing eq. (4) and X α = Re(z α ), P α = Im(z α ), based on the numerical solutions of the full set of equations of motion, for the z α and x, p, in particular.
With the two-q-bit density matrix as input, we calculate the concurrence as a measure of their entanglement [19, 20] .
Let us recall the essential aspects of the notion of concurrence needed here. -Given the density matrixρ of a pair of quantum systems A and B, we define the entanglement (of formation) for a pure state ψ of the bipartite system as the entropy E pure of either of the subsystems A, B [21] :
where we have introduced the reduced density matricesρ A,B , defined byρ A := tr Bρ and ρ B := tr Aρ . This definition can be extended for the case of mixed states. In this case, the entanglement of formation is the average entanglement of the pure states of a decomposition, minimized over all decompositions ofρ:
The goal now is to replace the right-hand side of this formal definition by an explicit function ofρ that allows us to evaluate it.
We begin with the "spin-flipped" transform of a state that we denote by a tilde, |ψ . This transformation is the standard time reversal operation for a 1 2 -spin particle. For a pure state |ψ of two q-bits, it is given by:
with |ψ * the conjugate of |ψ . -For a generic state of two q-bits, the obvious generalization is:
withρ * the conjugate ofρ. Next, we define the concurrence C pure for a pure state |ψ by:
The "spin-flip" transformation of a pure product state takes the state of each q-bit to an orthogonal state, which implies C pure (ψ) = 0. Instead, a generic state, as for example an entangled Bell state, can be invariant except for a global phase factor, which implies C(ψ) = 1. One immediately sees that 0 ≤ C ≤ 1. Most importantly, it can be shown that eq. (16), for a pure state, reduces to [19] :
with:
Thus, the entanglement of formation reduces to an explicit function of the concurrence. Furthermore, a generalization of the concurrence for mixed states has been given in Ref. [20] :
in terms of the eigenvalues λ i , i = 1, . . . , 4 , with λ i ≥ λ i+1 , of the non-Hermitian matrix R :=ρρ, With this definition of the concurrence, entanglement of formation of two q-bits can be expressed similarly as above:
namely, it becomes again a function of the concurrence. Thus, the concurrence C will be considered as an indicator for entanglement in the following; the entanglement of formation, E(C), could be further evaluated, as we have discussed here. In Figures 1, 2 , in the lower right quadrant, respectively, is shown the concurrence C for the evolving two-q-bit states under consideration. We find from the numerical solutions of the equations of motion that C is constant. In the following Section 3, we will demonstrate this result also analytically. The result of the calculations here, therefore presents a nontrivial check for the accuracy of our numerical method.
Analytical and semiclassical aspects of concurrence
Instead of the numerical results presented so far, we will analyze the dynamics of entanglement in the hybrid model analytically here in terms of the concurrence [19] .
If the initial two-q-bit state is a generic pure state |ξ(0) , the oscillator expansion (4) yields: The equations of motion, eqs. (11)- (12) in particular, determine the evolution of this state. Correspondingly, we obtain the time dependent density matrix:
the input for the evaluation of the concurrence, as described in Section 2.1 . Next, we need the spin-flipped version of the density matrix,ρ(t) = (σ y ⊗ σ y )ρ(t) * (σ y ⊗ σ y ). In the basis presently chosen together with the oscillator expansion, we have:
and, consequently:ρ
Finally, we have to find the square roots of the eigenvalues of the matrixR :=ρρ, in order to calculate the concurrence. -To this end, we note that the rank of the density matrixρ is equal to one, because it is a projector for a pure state. Then, the rank of R is the same as that ofρ and the only non-trivial eigenvalue λ is given by the trace ofR. Thus, we obtain from eq. (26) and recalling z α := X α + ıP α , α = 1, . . . , 4 :
which is real and non-negative, as it should be. A straightforward, even if lengthy, calculation shows that indeed, in the present case, the concurrence given by C(ρ) = √ λ is constant in time. We obtain explicitly, using the equations of motion (11)- (12) , that dC(ρ)/dt = dλ/dt = 0. This confirms the results obtained in Section 2 for pure initial states of the two q-bits by numerically solving the equations of motion.
Naturally, since the equations of motion are based on the suitably generalized Poisson bracket algebra for quantum-classical hybrids [1, 6] , as we discussed, we can employ the Poisson bracket between the Hamiltonian, H Σ = H cl + H qm + I hyb , and λ directly, in order to demonstrate that λ is a constant of motion. Thus, we find:
which independently confirms the previous result. Here the classical part of the bracket does not contribute, since λ does not depend on the classical variables x, p. In order to find possibly another invariant, we have evaluated also the Poisson bracket between the constraint C(X α , P α ), eq. (5), which is an invariant, and the present invariant λ(X α , P β ). Unfortunately, since the bracket between these two quantities vanishes, {C, λ} = 0, the resulting invariant is a trivial one. We have not found any other conserved quantity for our hybrid model. Finally, we observe that the classical equations of motion (9)-(10) represent a harmonic oscillator affected by an "external force", which describes the back reaction of the q-bits on the harmonic oscillator. Calculating the Poisson bracket between this force:
and the Hamiltonian, we obtain:
This result, which generally does not vanish, demonstrates that the "external force" F , due to the genuine quantum-classical hybrid coupling in our model, is not a constant of motion, as could be expected. Its effect on energy conservation will be discussed in Section 4.
Concurrence in presence of a semi-classical system
Our results for the concurrence, in particular its constancy, are to some extent expected. In fact, if the quantum sector of our model is appropriately coupled with another quantum system, such as the uncoupled q-bits interacting with a quantum harmonic oscillator, like in the generalized Tavis-Cummings model [11, 12, 13, 15, 16] , then entanglement can be established between them.
If we have only an interaction between a quantum and a classical subsystem, they cannot become entangled and the quantum state is confined to evolve in the subspace of states maintaining the initial quantum correlations. More specifically, our study based on hybrid theory [1] , confirms a recent analysis of two q-bits coupled to a large-j integral spin, which latter presents a semi-classical subsystem [22] . We have included figures, from the cited article, which illustrate the trend of the concurrence in this case. In the limit j → ∞, the integral spin subsystem becomes analogous to our classical harmonic oscillator. From Figure 3 and Figure 4 , the trend is clear: in the classical limit, the concurrence becomes constant in time.
In Section 5, we study further related features in our hybrid model, namely when sharp classical oscillator initial conditions are replaced by a phase space distribution.
Concurrence in presence of external perturbations
We may wonder how the hybrid system is affected, if we switch on an external perturbation acting on a single q-bit of this general form:
with ω 1,2,3 given external parameters. In our chosen basis, cf. Section 1, we have: These matrices have to be inserted in between a generic state of the two-q-bit system and its adjoint, in order to obtain the corresponding contribution to the hybrid Hamiltonian, cf. Section 1. Then, incorporating the oscillator expansion for the chosen basis, we may calculate the Poisson bracket between this perturbation and the concurrence (for pure initial states, as before in Section 3):
We note that this result is independent of ω 1,2,3 , which implies that even with this kind of perturbation the entanglement of the q-bits does not evolve. Thus, our results about the evolution of entanglement hold also for inhomogeneous q-bits. This is obviously true for any perturbation of the classical sector as well, because the concurrence determined by λ depends explicitly only on the quantum canonical variables X α , P α .
A different situation arises for perturbations acting on both q-bits:
pert := ω 1σx ⊗σ x + ω 2σy ⊗σ y + ω 3σz ⊗σ z .
In the chosen basis, we obtain the corresponding matrix representation: 
Calculating the Poisson bracket between this kind of perturbation and the concurrence, we find:
This implies that the entanglement evolves in time as, for example, shown in Figure 5 . Furthermore, this result is independent of ω 1 , which means that perturbations of the form σ x ⊗σ x have no effect on the entanglement, in the chosen basis. However, looking at the figure, we see that -independently of whether the initial state is entangled or not -in general, the two-q-bit perturbations affect the entanglement. We also find that the Poisson bracket between the two-q-bit perturbation and the "external force", eq. (30), which describes the back reaction of the q-bits on the harmonic oscillator, vanishes for certain combinations of the parameters. We have:
which is zero for ω 2 = ω 3 and, in particular, if only ω 1 is nonzero. In these cases, the dynamics of the quantum sector, especially of the entanglement, may change; however, the force exerted by the q-bits on the classical oscillator retains its form. Nevertheless, since its time dependence changes, the classical oscillator generally will be sensitive to the presence of perturbations acting only on the q-bits.
Quantum-classical hybrid cooling
In this section, we would like to point out an interesting practical aspect of the quantum-classical hybrid coupling. Following hybrid theory, as we have described, it could be employed to transfer energy from the quantum to the classical sector ("hybrid cooling"), or vice versa. While the total energy of the hybrid system is a constant of motion, the energy of the classical and quantum sectors separately changes in time, due to the coupling. Furthermore, we have seen in Section 3 that the concurrence is conserved. This means that we can cool (or heat) a sector of the system without changing the entanglement of the two-q-bit states.
For illustration, we have selected states that show a strong back reaction on the classical harmonic oscillator. Other choices are possible. Figures 6, 7 present the energy as a function of time for components of the quantum-classical oscillator/two-q-bits hybrid, cf. eqs. (1)-(3) . Note that the total energy is given by H Σ = H cl + H qm + I hyb (see Section 1) and includes the contribution from the hybrid interaction (not shown in the figures). We see that the oscillations of the energies are wave packet like. The maximal amplitude of the classical energy coincides with the minimal amplitude of the quantum energy, with the hybrid interaction energy (not shown) carrying the remainder of the conserved total energy.
The figures particularly suggest that -if we can switch on the hybrid coupling for a limited period of time -we can manipulate the energies of the quantum and classical sectors. This effect could have practical applications and, indirectly, test the hybrid theory. A topic for further investigations is how to optimize the desired control of the respective energies.
To illustrate this effect, we choose a time-dependent coupling described by a Gaussian:
with the parameter t 0 denoting the instant of maximal hybrid coupling, σ determining its temporal width and A its amplitude. -Since such coupling requires an interaction of the quantum-classical hybrid with yet another external system, the total energy of the hybrid is not necessarily conserved here. (7), the classical energy (bottom left) of eq. (1), and the quantum energy (bottom right) of eq. (6) . The initial state is the same as in Figure 6 and ω = 0.03, ω 0 = 0.15ω, β = 0.2.
Depending on the choice of parameters of the hybrid coupling, the amount of cooling (and, analogously, of heating) effected on the two-q-bit subsystem can be varied as desired. The hybrid interaction, however, does not modify the entanglement present or absent in the initial state. Thus, it may offer an interesting new tool for controlling the energy of a quantum (sub)system, while leaving characteristic quantum features intact, as we have shown in the present example.
Quantum-classical hybrid evolution for a distribution of classical initial states
We turn to the more realistic situation of having to deal with a distribution of initial conditions instead of a sharp one (i.e. a phase space point) for the classical harmonic oscillator subsystem. Incorporating this into hybrid initial states, we may ask how the average over such a distribution modifies the properties of the two-q-bit subsystem, which we have studied.
We choose Gaussian distributions of the initial positions and momenta of the oscillator:
In the Figure 9 , we demonstrate for a typical example that a probabilistic distribution of the (classical) initial states leads effectively to turning the pure initial (quantum) state into a mixed one and to loosing entanglement of the two q-bits. We recall here qualitatively similar results obtained in Ref. [22] , which we have discussed in Section 3.1 . In order to obtain these results, we have used the so-called Monte-Carlo method with direct sampling [23] . -We randomly select M configurations, {(x 0,i , p 0,i ), i = 1, . . . , M }, for the initial conditions of the classical sector, which are distributed, however, with bias according to eqs. (42). Then, we solve the whole set of hybrid equations of motion M times, once for each configuration i; this concerns the differential equations (9)- (12) . With the help of these solutions, we correspondingly obtain M density matrices representing the two-q-bit subsystem, as before. The average of these matrices (for M sufficiently large) provides an estimate of the limiting density matrix incorporating the distributed oscillator initial conditions:
in accordance with the central limit theorem.
We have performed numerical simulations for M = 10, 30, 50, 80, 100 and observed that the results stabilize for M > ∼ 50. Therefore, in Figure 9 , only results for M = 100 are presented. Following Ref. [23] , an error analysis could be performed. We leave this for future work, including the development of a more powerful numerical scheme.
Having performed a series of simulations of this kind, we find that the time in which a maximally entangled state passes from the initially maximal to zero concurrence, is quite sensitive to the width of the Gaussian initial state distribution. Indeed, choosing σ = 1, we have assumed a rather narrow initial distribution corresponding roughly to a phase space cell of sizeh (in physical units). To complement the present study, it will be interesting to carry out more extensive (and computationally more demanding) numerical simulations with wider initial phase space distributions for the classical oscillator, e.g., of nanometer to micrometer size and momenta corresponding to small thermal energies relevant for optomechanical experiments.
Conclusions
We have studied in this work the quantum-classical hybrid version of the versatile all-quantum model of one oscillator coupled to two q-bits [11, 12, 13, 15, 16] . In the present case, the oscillator is considered as classical, while the q-bits retain their full quantum features. The coupling between quantum and classical sectors has been constructed following the hybrid theory developed in Refs. [1, 6, 7] , a topic that has found increasing attention recently, see, for example, Refs. [2, 3, 4, 5, 24, 25] .
We haven chosen the hybrid theory developed in Refs. [1, 6, 7] for the present work, since earlier proposals have been beset with problems, such as, for example, violation of energy conservation or of unitarity, which has led to various "no-go" theorems. An extensive list of such issues has been discussed and overcome [1, 6, 7] . The only other consistent formulation, as far as we know, is the theory developed by Buric and collaborators [2, 3] , the formal results of which are, however, equivalent to the hybrid theory used here. -The configuration space theory of Hall and Reginatto [4] might provide an alternative consistent framework for the description of quantum-classical hybrids under certain circumstances. However, it has been shown recently that it leads to nonlocal signaling [26] and nonseparability of degrees of freedom that are classically and quantum mechanically separable [27] , due to the intrisically nonlinear formulation. Since these features can interfere with entanglement, we have not consulted this theory here.
The present hybrid model may be adapted to experiments, in order to test the basic tenet of hybrid dynamics, namely that the direct coupling of quantum mechanical to classical degrees of freedom can be consistently formulated -be it with orientation towards approximation schemes for fully quantum mechanical yet complex systems or because of considerations of foundational issues. One may speculate that a quantum-classical hybrid coupling could be of fundamental character, when microscopic quantum degrees of freedom interact directly with macroscopic classical degrees of freedom, e.g. elementary particles, atoms, or molecules interacting with a gravitational field (if it is and remains classical) or quantum mechanical systems undergoing a measurement by a classical apparatus (Copenhagen interpretation).
By evaluating the concurrence, we have found that entanglement present in the two-q-bit system is invariant under evolution according to the hybrid dynamics. This result may have been expected but has not been studied in a consistent dynamical theory before, except Ref. [28] . A possible application could be in quantum information protocols transferring information coherently between q-bits, yet under the controlling influence of distinct classical degrees of freedom embedded in the environment.
Furthermore, we have shown that the model suggests a hybrid cooling scheme, such that the energy (temperature) of the q-bit subsystem can be selectively lowered without affecting the quantum correlations between its components.
